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Abstract. Given a double quiver, we study homological algebra 
of twisted quiver sheaves with the moment map relation by mod- 
ifying the short exact sequence of Gothen and King. Then in a 
certain one-parameter space of the stability conditions, we obtain 
a wall-crossing formula for the generalized Donaldson-Thomas in- 
variants of the abelian category of framed twisted quiver sheaves 
on a smooth projective curve. To do so, we closely follow the ap- 
proach of Chuang, Diaconescu, and Pan in the ADHM quiver case, 
which makes use of the theory of Joyce and Song. The invariants 
virtually count framed twisted quiver sheaves with the moment 
map relation. 

1. Introduction 

A Nakajima's quiver variety is a holomorphic symplectic quotient 
attached to a double quiver Q, i.e., a quiver whose arrows are paired 
(a, a) such that a is a reverse arrow of a. This holomorphic symplectic 
quotient is a GIT quotient of a locus defined by a moment map rela- 
tion. In [TT] , the moduli of stable twisted quasimaps to the symplectic 
quotient from a fixed smooth projective curve X is obtained as an ap- 
plication of the quasimap construction of [3l H] and shown to come 
with a natural symmetric obstruction theory. This result generalizes 
Diaconescu's work |6]. 

The stability in the notion of stable twisted quasimaps turns out to 
be an asymptotic one in the one dimensional stability parameter space 
]R>o of the abelian category A' of framed twisted quiver sheaves on X. 
It is therefore natural to investigate the wall-crossing phenomena of 
the moduli stack DJl^^lj) of r-semistable objects with numerical class 
7 in A' as r varies in M>o. 

For that study of wall-crossings, there are two theories available: the 
theory of Joyce and Song ([lOj); and the theory of Kontsevich and 
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Soibelman ([I2])- In this paper, we perform our research according to 
the framework of Joyce and Song. 

First, we study the homological algebra of the category of twisted 
quiver sheaves with the moment map relation fl2.5p . Without the re- 
lation, the homological study is carried out by Gothen and King (|2J). 
We deduce that a truncated part of the category A' behaves like a 
Calabi-Yau 3-category. For example, a suitably defined antisymmetric 
Euler form is numerical (see Proposition 12. 7p . This property is the first 
main result of this paper and originates from the moment map relation. 

Next, using the above Euler form on the numerical ii"- group of A', 
we define a Lie algebra L{A') and, using the straightforward generaliza- 
tion of the Chern-Simons functional in [6j, we construct a Lie algebra 
homomorphism to L{A') from a Ringel-Hall type algebra of stack func- 
tions with algebra stabilizers supported on virtual indecomposables, 
as in [ini Theorems 3.16 and 7.13]. This Lie algebra homomorphism 
yields the definition of the generalized Donaldson-Thomas invariant for 
(Q, X, 7, r) via the log stack function for 0Jt^'*(7). 

Finally, using the approach of [61 [H 12], we establish a wall-crossing 
formula of the invariants (see Theorem 13.81) . which is the second main 
result of this paper. In section 13. 6[ we show that the invariants vanish 
when the framing is zero and, at the same time, the curve X is not 
rational. The wall-crossing correction could be therefore nontrivial only 
when X is rational. 

2. Homological Algebra 

The aim of this section is to prove the suitably defined antisymmetric 
Euler form of framed twisted quiver sheaves is numerically determined 
in certain cases (see Proposition 12. 7p . For this, we begin with finding a 
partial injective resolution (12. 2 p of double quiver representations with 
the moment map relation (12. ip . 

2.1. Double quivers. We set up notations for quivers. Let Q be a 
finite quiver, i.e., a directed graph whose arrow set Qo and vertex set 
Qi are finite. The tail map and the head map from Qi to Qo are 
denoted by t and h, respectively. Define the double quiver Q of Q by 
adjoining a reverse arrow to each arrow of Q. A path p is an ordered 
set ai...am of arrows such that tai = /iflj+i for i = 1, ...,m — 1. Define 
the head and the tail of phj hp = hai and tp = tam, respectively. For 
each vertex i G Qo, define a trivial path Cj. Also set h{ei) = t{ei) = i. 
The lengths of p and Cj are by definition m and 0, respectively. Let 
i? be a commutative ring with unity 1. The path algebra RQ is the 
i?-algebra generated by all paths subject to relations by the following 
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rules (see for instance [7j): p - q = pq if tp = hq, otherwise; p- etp = p; 
and ChpP = p. 

2.2. Quiver representations. In this section, we let be any nonempty 
subset of Qq. We fix Aj G i? for each i E Q'q. 

We consider the two-sided ideal (/i — A) generated by the relation 

(2.1) E -V.) =0, 

where \a\ is if a G Qi or 1 otherwise. In fact, (12.11) is the functorial 
expression of the moment map equation (see for example |Tl]) and 
hence we call (12.11) the moment map relation for the quiver (or more 
precisely for {Q, Qq, A)). 

We will study the homological algebra of the quotient algebra A := 
RQ/{fi — A), which was called the deformed preprojective algebra in 
|5J. Note that every A- module can be considered as an i?-module by 
the natural i?-module homomorphism i? — )■ A, r h-> r Yli^Qo ^i- 

Let 71 be the abelian category of (left) A-modules. For ^ G 7^, we 
construct a sequence in TZ, which becomes a partial injective resolution 
of V when is a field. The sequence is defined to be 

(2.2) ^ V A ^}iomnieiA,Vi) 

A EomnictaA, Vha) ^ Hom^(e,A, V,), 

where: 

• we view eiA as an R-A bimodule so that Hom^(ejA, Vj) is a left 
^-module; 

• Vi := CiV which is an A-submodule of V; 

• the A-homomorphisms e, g, m are defined by: for pi G CiA C A 

(1) e{v){pi) =piv; 

(2) g{a)a{pta) = aha{apta) - aataipta); 

(3) m(7)(pi) = EaeQ:ta=*(-l)''''(«7a(Pi) +7a(aPi)). 

The above sequence (12.21) is obtained from a combination of the 
short exact sequence [71 (2.1)] and the 'moment map'. Since A has the 
moment map relation, g is not surjective. 



Proposition 2.1. The sequence ( \2.2\\ is exact. 

Proof. We adapt the proof of [H Proposition 2.4] to our situation. If 

e(f)(ei) = CiV = for all i G Qo, then ejW = 0. Since = 1, we 
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sec that V = 0. Thus e is injective. It is clear that Ime C Ker^i. Next 
we will show that Ker^r C Ime. Consider a e 0-^^^ Hom/j(ei74, Vj) C 
Hom^(a4, y) such that g{a) = 0. This implies that a is A-linear. 
Therefore Ker g C HomA(A, V) — e{V). Next we can check that Im g C 
Kerm since 

(m o g{ai))i{pi) = EaeQ:ta=i(-l)'"'(ai^(«i)a(Pi) + i/(ai)a(oPi)) = 
^aeQ:ta=ii-'^y^KHoiha{api) " ^^^(pj)) + ai{aapi) - aata{api)) = 0. 

The third equality above follows from the i?-linearity of a, the moment 
map relation, and ta = ha. 

Finally, let us show the hard part Kerm C Imgi. Let {'ja)aeQ ^ 
Kerm, in other words, for each i e Q'q, 

J2 (-l)l"'(a7a(Pta) + Taima)) = 0. 
aEQ'-ta=i 

Let Ak be an i?-module generated by arrows p whose lengths are less 
than or equal to k. For example, Aq is generated by Cj, i G Qo and Ai 
is generated by a e and Cj, i e Qq. Then consider the filtration 

^0 C ^1 C ^2 C • • • . 

For each vertex i, there is the corresponding filtration CiAq C CiAi C 
6^742 C • • • as well. An i?-linear map a will be constructed by induction 
on the filtration. Define a — (ai) G ©j^Qq Homji^eiA, Vi), : CiA — > 
Vi as 

• ai \eiAo= and _ 

• ai{apta) = aata{pta) + la{Pta) for a G Qi with ha = i. 

We need to show that a is well-defined. For that, we consider the 
path algebra F := RQ without any relation and its corresponding 
filtration Fj. Note that a is well defined as an element on Hom(F, V) 
and g{a) = 7 if 

~g ■ HomR(e,F, V,) ^ YiomR{etaF, Vha) 

is the homomorphism corresponding to g. Now we claim that a is well- 
defined on An- It is clear that the claim is true when n = 0, 1. Let F„ 
be the it!-submodule of F spanned by length-n elements. Suppose that 
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a is well-defined on An~-\- Then note that for -pi G tiFn-2 and i G Qg, 



(2.3) a, I I (-!)'"'«« --^ 

\a.(zQ\ ,ha=i 



Pi 

^(-l)l''l (aaia(api) + la{api)) - \iai{pi) = 



since 



= -J2(-l)\-\a^^{p,) (bym(7a) = 0) 

= -^(-l)Ha(^(a,)^)(p,) (by7 = ^(«)) 

= — ^^(— l)'"'(aa;/ia(apj) — aaaia(]9j)) (by the definition of g). 

Combined with the inductive definition of a, the equation (12. 3 p implies 
that a = on the two-sided ideal (yU — A) of An- By the definition of 
a, it is clear that g{a) = 7. □ 

Replacing by in the sequence (12. 2 p and taking HomA(Vi ■) on 
(12. 2p . we obtain a sequence 

(2.4) ^ EomA{V,W)^^}iomn{V„W,) 

-4 Hom^(ri„ Wua) Hom^(r,, W^,) 

of i?-modules. This simplification follows from the adjunction 

Homij,(iVi, YLouiR,{N2, A^g)) = HomR,(Ar2 Ni, N3), 

where A^^i is a left i?i-module, N2 is an R2-R1 bimodule, and is a 
left i?2-module (see [11 Proposition (2.6.3)] or [TJ (2,2)]). Let C(V, PF) 
be the complex consisting of the last three terms of the sequence (12.41) 
with the first term at degree 0. Then we get the following. 

Corollary 2.2. Let R he a field. 

(1) Y{om.ii{eiA,Vj) is an injective A-module. 

(2) For / = 0, 1, 

E^i\{y, W) ^ H\C{V, W)). 
Proof. By the above adjunction, we note the equivalence of functors: 
Hom^(«, RomnieiA, Vj)) ^ Hom^(eiA ®^ •, Vj). 
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The latter is an exact functor since CiA is a projective right A-module 
and Vj is an injective i?-module. This proves (1). Now (2) follows since 
(12.21) is a partial injective resolution of V. □ 

2.3. Quiver sheaves. We carry out a similar procedure for twisted 
quiver sheaves in place of quiver representations. To introduce twisted 
quiver sheaves, let X be a Gorenstein projective variety, let ux be the 
dualizing sheaf for X, and let Aj G T{X,ux)- Suppose also that we 
choose an invertible sheave Ma on X for each a G and an isomor- 
phism ffj i : Mfe ® Ml — )■ Ux for each b E Qi. We will set fi (, = 5 for 
b E Qi using the natural isomorphism M^ ® Mh = Mb ® M^. 

Provided with the above data, we define an O^-algebra structure on 
the sheaf 



all paths p 

by making: 

• Mp := Ma^ ® ... ® Ma if p = ai...a„ with G Q^, and Mg. := 

Ox; 

• for Xp G Mp, Xq G M^, let XpXq := Xp ® Xq if = /ig, and oth- 
erwise; and in 0^ Mp we have natural identifications MpM^,^^ = 
Mp ® Me,^ = Mp = M,,^Mp = M,,^ ® Mp. 

We denote by NIQ this Ox-algebra graded by lengths. 

We want to define an ideal sheaf from the moment map relation. 
First, for every local section ^ G Ux, let 

«6Q;, \ \aeQi:ha=i ) 

where stands for the constant 1 in Me- = Ox and ^a ® (,a is required 
to satisfy fa,ai^a ® ^a) = ^- Then since (/i - A)(/ ■ ^/ ■ (yU - A)(0 
for / G Cjf, we can define the ideal sheaf {fi — A) of M.Q generated by 
(/i— A)((^) for all ^ G cj)^ and hence the quotient sheaf B := M(5/(/i— A). 

We will consider homological algebra of the abelian category A of 
-B-modules, which is a subcategory of Ox-modules. For the study, 
we use also an alternative and concrete description of a S-module by 
a collection of Cx-sheaves Ei,i G Qo and Cx-homomorphisms 0a : 
Ma ® Eta Eha, a E Qi- The collection will be called a Nl-twisted 
quiver sheaf on X in our context if the following moment map relation 
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holds: 

(2-5) Yl ° (Mm. ® ] - a, ® Ids, = 0. 

Proposition 2.3. The category of Nl-twisted quiver sheaves is equiv- 
alent to A. 

Proof. If {Ei} is an M-twisted quiver sheaf, then it is obvious how to 
give a 5-module structure on (BEi. Conversely, for a -B- module E, 
define Ei := CiE = Mg.E. Then it is simple to check the collection 
{Ei} has an induced M-twisted quiver sheaf structure. □ 

For E E A, there is an exact sequence in A 

(2.6) ^ ^ 4 nomo^ (ciB, E^) 

i&Qo 

a 

4 nonioxi^^x ®Ox (^iB, Ei), 

where: 

• Cj denotes the constant 1 in Mg- = Ox', 

• we view CiB as an Ox-B bimodule so that Homi:j(eji?, Vj) is a 
left i?-module; 

• Ei := CiE which is a -B-submodule of E\ 

• the S-homomorphisms e, g,m are defined by: for pj G CiB C -B, 

(1) e(e)(pi) =pie; 

(2) 5'(a)a(a;a ®Pta) = aha(0a(a;a ® Pta)) - (pa{Xa ® ata(Pta)); 

(3) m(7)(e®P.) =EaeQ:ia=^(-l)'"'('/'afe®7a(ea®P.))+77rfe® 

Proposition 2.4. T/ie sequence (12. 6 p zs exact. 

Proof. The proof is parallel to the proof of Proposition 12.11 □ 

As before, we replace by F in the sequence (12. 2 p and take 'HomB{E, ■) 
to obtain a sequence 

(2.7) -^'HomB{E,E) ^ ^-HoniOxiE^Ei) 

-> nomox {Ma ® Eta, Eha) ^ Homo^ {uj\ ® Ei, Fi) 
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of Cx-niodules. 

If we let C{E,F) be a complex consisting of the last three terms 
of (12. 7p and we assume that E is locally free, i.e., by definition, Ei 
are locally free for all i G Qo, then we will observe that C{E, F) is 
quasi-isomorphic to a complex computing ExV^^E, F) for i = 0, 1. 

Corollary 2.5. Assume that E is locally free. Then, for i = 0,1, 

Ext^(E, F) = W{X, C{E, F)). 

Proof. Note that a partial injective resolution J* of F can be obtained 
from injective resolutions /* of Fi and (12. 6p since (Bili has an in- 
duced 5-module structure (see [3 Section 3] for detail). Note that 
T-LomB^E, J') as an Ox-complex is quasi-isomorphic (at 0, 1) to 

^^®E'^®F^^®M'',<^El®Fha^@UJx® E^ ® 

which is C(F,F). □ 
Definition 2.6. Define x{E,F) to be 

dim Ext^ {E,F)- dim Ext^ (E, F) + dim Ext^ (F, E) - dim Ext^ (F, E) . 
This alternating sum x{E, F) is called the Euler form of F, F. 

If Fo denotes the Ox-coherent sheaf ®ieQo\Q'^^ (when Qo = Qo, 
always Fq = 0), we finally come to the first main result of this paper. 

Proposition 2.7. Suppose that X is a smooth projective curve and E 
and F are locally free. Assume either Fq = or Fq = 0. 

(1) Fori = 0,1,2,3., 

W{X, C(F, F)) = H^-'{X, C(F, E)y. 

(2) The Euler form is numerically determined as follows: 

xiE,F) 

= J2 idiEta)r{Fha) - d{Fha)r{Eta) - d{MMEta)r{Ff,a) 

+ (1 - g)r{Eta)r{Fha)) + 2 {-d{E,)r{F,) + d(F,)r(F,)), 

where d{Ei) and r{Ei) stand for the degree and the rank of the 
locally free sheaf E^, respectively. 
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Proof. (1): Note that C{F,Ey ® ux = C(E,F)[2]. Combined with 
the Serre duahty, this imphes H*(X,C(E,F)) ^ H*(X,C(F,E)^ ® 
ujx[-2])=^'-\XMF.E))\ 

(2): Note that C(E, F)) = x{E, F) by (1) above. On the other 
hand, x(X,C(i?,F)) is equal to x{X , C\E , F)) - x{X , C\E , F)) + 
C^(i?, F)) and hence the topological expression for x{E,F) fol- 
lows from the Riemann-Roch formula. □ 



3. Wall-crossings 

From now on, let X be a smooth projective curve, let Aj = for all 
i E Q'q, and let Qo \ Qo = {0}. In the abelian category A' of twisted 
quiver sheaves, we will consider stability conditions for r G ]R>o and, in 
the frame work of Joyce-Song theory [10], we will define the generalized 
Donaldson-Thomas invariants using the moduli space of r-semistable 
objects in A'. We will derive a wall-crossing formula following the 
approach of Chuang, Diaconescu, and Pan ([S1II1I2])- 

3.1. Chamber structures. In this subsection, for r G M>o we in- 
troduce the notion of a r-stability on twisted quiver sheaves and show 
that for each fixed numerical class with a minimal framing the stability 
space M>o has a finite number of critical values. The precise definition 
of critical values are not important. The relevant required property 
will be only that there are no strictly r-semistable quiver sheaves for 
every noncritical value r. 

Let be a nonzero complex vector space. Denote by A' the abelian 
category of M-twisted quiver sheaves E with Eq = ® Ox for 
some finite set S (depending on E). In this category a mor- 
phism from (i^,, 0^) to (£'•, 0^) is by definition a usual morphism as 
M-twisted quiver sheaves with the framing condition that the attached 
Ox-homomorphism K^®Ox — ?■ ®Ox is a block matrix (c*''^ )(s,s')g5x5', 
c"'"' G C. In [11], the category A! is denoted by Rep^lQ, M, fsT). The 
category A^ is an abehan category (see [HI Proposition 5.3]). 

Let E E A' and r G M>o be the stability parameter. For a nonzero 
M-twisted quiver sheaf E we define the r-slope of E to be 

. . _ deg(0,_,oE,) r-rankEp 

^-^''^ • rank(e,^„E,) + rank(e,^, E,)) ^ ^'^^^ 

Definition 3.1. A nonzero object E of A! is called t- (semi) stable if 
1^t{F){<) < fir{E) for any nonzero proper subobject F of E. 

Let r = rank(0._^g .Ej), v = rankE'o, and d = deg(0._^g If E 
is strictly r-semistable, that is, r-semistable but not r-stable, then r 
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must be of form 

(3 1) T = or r = 

for some r', G Z with 1 < r' < r — 1. 

Let us consider the set C{A!) = {0, dimi^} x (N x Z)'^" of numerical 
classes of twisted quiver bundles. The class of E has ranking at the 
first entry, rankE'j at the middle one for i G , and deg Ei at the last 
one for i E Qq. 

Let 7 G C{A') and ^0(7) be the first entry of 7. Suppose that 
^0(7) = dimii". Then by [lli Proposition 5.11] there is a number N{'~f) 
such that there are no strictly r-semistable objects with numerical class 
7 if r > N{j). Let C(7) be the set of all possible positive values 
r < iV(7) in (13. ip so that for r ^ C{'y) there are no strictly r-semistable 
objects with 7-class. Note that C{'y) has no accumulation points in R. 
Hence, C(7) is a finite set. We call an element of C{-y) a critical value. 

3.2. Chern-Simons functionals. Let 9Jl be the moduli stack param- 
eterizing all objects E of A'. In order to apply the Joyce-Song theory, 
we need a local description of OJt as a critical locus of a holomor- 
phic function on a complex domain (see [TOl Theorems 5.2 and 5.3] 
which makes use of Miyajima's results in [I3]). The theorems below 
are straightforward generalizations of [6l Theorems 7.1 and 7.2]. 
Let A^'^* be the coarse moduli space of simple objects in A'^i- 

Theorem 3.2. For every [E] G A^'**(C), the analytic germ o/A^'^*(C) 
at [E] is isomorphic to (Crit(/),M) for some holomorphic function f : 
U ^ C on a finite dimensional complex manifold U , where u is a point 
ofU. 

Let S be an Aut(£')-invariant subscheme of Ext^;(-E', E) parameter- 
izing a versal family of objects in fDT(C) near E. 

Theorem 3.3. For every E G 97t(C) and a maximal compact sub- 
group G of Aut{E), the analytic germ of {S,0) is G'^-equivariantly 
isomorphic to (Crit(/), 0) for some G'^ -invariant holomorphic function 
f : (Ext\,{E, E),0) —7- (C,0), where G*^ is the complexification of G in 
Aut(E). 

The proofs of [SI Theorems 7.1 and 7.2] work for the general case after 
the replacement of the Chern-Simons functional [SI (7.7)] according to 
the double quiver Q. In what follows, we describe the Chern-Simons 
functional for the general case. 

Let E = {Ei, (j)a)i^Qf^^aeQi ^ framed twisted quiver bundle on X 
and let X denote the complex manifold associated to X. Then there is 
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the gauge-theoretical interpretation {Ei, ds^, (pa)i<^Q'^,a€Q-^ i-^-' 
is Ei regarded as a C°° complex vector bundle on X, 

dEr.C^{E;)^C^{E,®Tf) 

is the unique semiconnection on Ei such that local holomorphic sections 
of Ei are translated into horizontal sections of ^^i-, and 0° G C°^{M^^® 
E^^®Eha) corresponds to (pa- Here the (0, l)-part of a usual connection 
is called a semiconnection (see Definition 9.1]). Note that the 
flatness of automatically holds since X is a curve. 

Now, the Chern-Simons functional CS 'near E^ is defined by 

CS{A,,^a) = j Tr(5^y;^4¥^„+ (-1)Ha^„0^0-) 

for 

{Ai, i^a) e n C"-(End(E,) ® T|^) x C°°(M,^, ® El ® i;,„). 

Here da is the semiconnection on E^ ® ^^a, 0^ = 0° + V^a, and the 
products in the integrand are naturally given by compositions and cup 
products so that after all they are considered as elements in End{Eta)^ 
T^'^. The Chern-Simons functional is gauge- invariant and its critical 
equations are 

(3.2) da^Pa - <PaAta + Aha4>a = 0, Va G Q^] 

(3.3) 5^(-l)l''l0„0^ = O.WzeQ',. 

ha=i 

We note that (13. 2p is the holomorphic condition on (pa with respect to 
the new semiconnection {Be^,^ + AtaY ® {Be^^ + Aha) and (13. 3 p is the 
moment map relation on (pa- 

3.3. Ringel-Hall type algebras. Recall that 3Jl denotes the moduli 
stack parameterizing all objects E of . We call a pair (X, p) a 971- 
valued stack function if X is an Artin stack over C and p : X — )■ 971 is a 
representable 1-morphism. Let SF(9Jl) be the 'Grothendieck group' of 
9Jt- valued stack functions, i.e., the quotient group of the free abelian 
group generated by stack functions, whose quotient is given by the 
subgroup spanned by all elements of form 

(X,p) - (2),p|2,) + (X\2),p|^^,j) 

for a closed substack 2) of X. 
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There is a multiplication structure on SF(OJt) for which the multi- 
plication 

(Xi,pi) * (X2,P2) 

is defined to be the fiber product (X, p) in diagram 

X > €j:act(aJt) > OJl , 

7r2 

TTl X7r3 

XiXcX2 > 9JlX(c9Jl 

(P1.P2) 

where: 

• S3:act(9Jl) is an Artin stack parameterizing short exact sequences 
in 971 and tTj is the obvious i-th. projection; 

• the square is the fiber product and p is the composition of the 
upper arrows. 

The mulitiplication is associative by [H Theorem 5.2]. The induced 
algebra SF(9Jl) is called the Ringel-Hall type algebra. 

Denote by Dyt>2 the moduli stack parameterizing all objects E of 
A' with rankE'o > 2dimi^. Let SF(OJt<]^) be the quotient algebra of 
SF(9Jl) factored by the ideal generated by all p : X — )■ 971 which factor 
though 9Jt>2. Finally we consider the subalgebra SF(9Jl<i) of SF(9Jt<]^) 
generated by all p : X — 9}t which factor though the moduli stack of 
locally free objects. 

By Proposition \2.7\ we may define an antisymmetric bilinear form 
X : (N X (N X Z)'3o)2 z. Let L{A') be the Q- vector space with basis 
67, 7 e {0, dimK} X (N X Z)'^o^ equipped with a Lie algebra structure 
given by 

Tg g 1 f (-1)^^^'^^X(7, 7)67+7 if 7o + 7o < dimK, 
' 1 otherwise. 

In the below, we let BC* denote the classifying stack of the multi- 
phcative group C*. By the local descriptions, Theorems 13.21 and 13.31 of 
the moduli spaces we will have this. 

Theorem 3.4. There is a Lie algebra homomorphism 

^ : SFXm<r) ^ L{A') 

satisfying 

^{[ZxBC*,p]) = -x{Z,p*uE,Je,, 

where: 
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• SF!JJg(9Jl<i) is a certain subalgebra of SF(OJf<i), spanned by 
stack functions with algebra stabilizers supported on virtually 
indecomposable objects; 

• Z is a variety and p*i^§i^^ is the Z-valued constructible function 
induced from the Behrend function v^^^ /or9Jl<i; 

• x{^i P*^OT<i) ^■^ defined to be the weighted topological Euler char- 
acteristic Y.n& nx{.{.P*v^^X^{n)). 

Proof. See [H section 2.2 and Theorem 3.4]. □ 

3.4. Harder-Narasimhan filtrations. In this section, using Harder- 
Narasimhan filtrations we express the stack function representing 971^^ 
in terms of those representing OJt^^ and unframed moduh spaces. By 
a purely algebraic Lemma in [1] this expression induces a wall-crossing 
formula. From now on, we let tq G C{r,d), > tq and r_ < tq such 
that there are no critical values between intervals {tq,t^] and [t_,tq). 

For E & A' and r G M>o, it is easy to see that there is a unique 
filtration 

= EoC EiC E2... C En = E 

such that Ek/Ek_i is r-semistable and Pr{.Ek_i/ Ek_2) > PriE^f Ek_i) 
for k = 1, . . .n. This so-called Harder-Narasimhan filtration will lead 
us to the following. 

Lemma 3.5. Let E e A with {E)o = K ®Ox- TFAE. 

(1) E be TQ-semistable 

(2) E is Tj^-semistable or there is a unique subobject E' of E satis- 
fying: E', E/E' are T^-semistable, (-E")o = K®Ox, Pt+{E') > 
Pr^E/E'), andpr,{E')=Pro{E/E'). 

(3) E is T_-semistable or there is a unique subobject E' of E satisfy- 
ing: E', E/E' are T_-semistable, {E/E')o = K®Ox, Pr.{E') > 
PrSE/E'), andpr,{E')=ProiE/E'). 

Proof. Note that E is TQ-semistable. 

(1) ^ (2). Let = C ^1 C ... C ^„ = ^ be the r+ Harder- 
Narasimhan filtration of E. We take E' := Ei. If n = 2, {Ei)o ^ 
for otherwise, pro{Ei) = pr^{Ei) > prj^{E2/ Ei) > pro{E2/ Ei) which is 
a contradiction to the ro-semistability of E. We prove that n cannot 
be larger than 2. Suppose that n > 3, then there are i,j such that 
^ ^ i < j ^ n and 

(3.4) pr^{Ei/Ei.i) = pr,{Ei/Ei^i) > pr^{Ej/E,^i) = pr^{Ej/E,^i). 
This induces a contradiction as follows. 
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a) When {Ei)o = 0, then /i^o(^i) = /"r+(^i) > Air+(^) > f^roiE). 
This is a contradiction to the ro-semistabihty of E. 

b) When (Ei)o = K^Ox, then (Ei)o = iT^Cx for alH > 1 so that 
the ineqauhty Hr+{Ei) > ^^^{E) imphes that fij-oi^i) = fJ^roiE) for all 
i. This contradicts to (13 ■4p . 

Now, by the uniqueness of Harder-Narasimhan filtrations, the proof 
of (1) (2) follows. 

(2) <^ (1). Let F be a nontrivial subobject of E and let E' := 
Ker(F ^ E/E'). Then/i^^(F') < Hr+i^') (because is r+-semistable) 
and Hr+^F/F') < ji^^i^E / E') (because E/E' is r+-semistable). Now 
take the limit r+ tq to the both inequalities in order to conclude 

that flr,{F) < fXroiE) since ^ro{E') = fLr,{E/E'). 

(1) -x^ (3). This follows by an argument similar to the proof of (1) 



Let 6r{j) denote the stack function (7),p] G SF(aJt<i) for the 
natural open embedding p of the moduli stack 971^* (7) C 971 of r- 
semistable objects of A' with the numerical class 7 G C{A'). We 
use notation 5(7) for 5,- (7) if ^0(7) = 0. Then the previous lemma will 
induce relationships between (7), ^toIt); and 5(7) in the Ringel-Hall 
type algebra as in Lemma [3.61 below . Before describing the lemma, we 
will need the following index sets. For Z > 1, let 



^(2). 



□ 



i/iV+(7,ro,/) = {(7i,...,7/)l7.eC(^), 



X^7i = 7,^^o(7i) = Ml)^f^To{li) = /^ro(7) Vz} 



and 



™_(7,ro,/) = {(7i,...,70l7.eC'(^), 

X^7i = 7, Mil) = Vo{-f),Pro{li) = f^Toh) VO- 




'^ro(7) 



E 



5r+(7l) * ^(72)- 



(7l,72)eHAf+(7,To,2) 



'^ro(7) 



5r_(7) + 



E 



(^(71) * '^T_(72)- 



(71 ,72)e-H'iV_(7,-ro,2) 
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(2) 

1>1 HN+{'y,To,l) 
1>1 HN-{-y,TQ,l) 

(3) 

Ei>2(-l)'"^Ef/JV_(7,ro,0^(7l) *'^(7«-2) * [5(7i-l),5r+(7/)]- 

Proof. There are only finite nontrivial terms in each summation of (1), 
(2), and (3). For example, when I = 2, let us consider an exact sequence 

0^ E^/E^ -> 

whose factors E^, E'^/E^ are ro-semistable with firo{E^) = I^to^E"^ / E^) ■ 
This implies that E"^ is ro-semistable. Therefore, deg{E^)j is bounded 
above by a number N (depending only on class 7) according to Lemma 
5.8 in in]. 

The statement (1) follows from Lemma [3.51 
For (2), we rewrite the first equation of (1) as 

(3.5) 5r,{i) = 5^M- E '^.+ (7i)*%2) 

{7l.72)e-fi'Af+(7,To,2) 

and apply (13. 5 p to 5r+(7i)- This iterated procedure must stop since 
there are only finite nontrivial terms in the summation. This proves 
(2). 

To prove (3), we start with the second equation of (2) and replace 
^To(7/) by the first equation of (1). □ 

3.5. Log stack functions. Following [Qj Definition 8.1], we define the 
log stack function for 7 G C(^') as 

e.(7):=E^^ E '5.(71) 5.(70- 

As in the proof of Lemma 13.61 there are only finite nontrivial terms 
in the sum expression of £,-(7). According to [TOl Theorem 3.11], the 
log stack function €,-(7) is an element in SF!;jJ(fm<i). In the below, if 
^0(7) = 0, we let e(7) denote eripf). 

Lemma 3.7. 

e..(7) - e.,(7) = E E [■Mii-i).^r,{ii)]..]. 

l>2 ^ >' HN.{'y,To,l) 
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Proof. Use the abstract form of [1] Lemma 2.6]. See also [21 Lemma 
3.4]. □ 

Theorem 13.41 implies that for fixed 7, the r-invariant Jt{i) ^ Q can 
be defined as 

^(er(7)) = -Jrh)e^. 
We call Jril) the generalized DT-invariant for 7,r). When the 

rank ^0(7) of the frame is 0, then the invariant will be denoted simply 
by ^(7) since it does not depend on r. Now by combining Lemma 13.71 
and Theorem 13.41 we conclude the following wall-crossing formula. 

Theorem 3.8. 

(^r_(7) - Jr+{l))e^ 

3.6. The action by the Jacobian variety. Suppose that ^0(7) = 
and the genus of X is g > 1. In this case, by the similar argument for 
the proof of [10 Proposition 6.19], the generalized DT invariant ^(7) 
vanishes as follows. Let J^{X) be the Jacobian variety of X and let L 
be the universal line bundle on X x J'[X). Then the torus group J^{X) 
acts on fHf (7) hj t ■ E := E (g) Lt for t e J{X). Note that this action 
yields a torus fibration on 97t^*(7) and the Behrend function on 9Jt^^(7) 
is constant on each j7'(X)-orbit. Hence we conclude that 7(7) = 
using the expression of J{-y) by the weighted Euler characteristics (see 
[H Section 5.3]). 
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